! Art. 8. General Method to Solve Non-Linear P.D. Equatlons

|
\

(HARPIT’S METHOD

%apphcable whe
ot be reduced to these types

Explanation of Method.
Let given differential equation be

fe,y, 20,9 =0

Weknowdz-——a—— d’”“"'dy
ox oy

» dz = pdx+qdy
Now we shall fin
F(x,y,Z,Paq) '

Here we shall be discussing Charp
n the given partial dlfferentlal equation is not of Type

d another relation . -

it's general ‘method of solution, which is -

1 tp' Type 4 or
| MO
(- 2=z (%)
..;(ii) |
...(ii)
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MTe T sy Py q aS Independcnt
T auxiliary equ
. The 'Y €quations of (y) are

dp __..._.q____ d-
/(f— éf-+q9£ \f\“’-d‘ dy _ dF

Ty ' 9% pL. 3 %% e
(:“ g . ep eq "'?" i 0
(By using cwtended fo ,

ow any solution (integral)
involvin
relanon 1 g alteast ong of PO for F =

d g from E
10\\ find p and q qs. (i) and (i) and .
: hen integrated gives the solution, PRI iy 80 oS
(0 Equations in (x/th relation, are known as Cha

rpit's auxiliary equations.
i Remember these in the form as below

dt‘ dy Lo dp dg  _dF
B R AR A
op  Oq » g & lx ' la

(iif) This method should be applied when differential equation cannot be solved by
methods discussed earlier

OR when it is asked to solve the differential equation by this particular method.

[ILLUSTRATIVE EXAMPLESI

fample 1. Solve for complete solution by CHARPIT’S METHOD
@) z=p’x+qy. (i) g=3p°

(i) z=px+qy +p +q (v)g= px+q’
I.(‘)Weareglven z——p ’x+qy

= Px+qy g=0m v o ‘0 ;b | ‘...(D_

Let f(x,y,2,P, Q) =P kg ==l of X (m.
of 2 af__ _af___l ____2px———-2qy k

= a'—p, ay Q’ az ' ap aq ‘

The Charpit’s auxnllary equatlons are dé
o o |

S L o

~0f : 0 o 9. L+gq

F oy _ ¥ A ery o
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LLIANT DIFFERENTIAL Eqy,

BRI
598 . dq
d: = '
dx &y o —2 p -r 49 -4 ool
~ -2 \'—-2(]1' -2p2x-—2(] )
e p: § (USing
and then 0, qz! 0,0,2qy ]

Take q=—-\/‘;—_?7—— )

0
Taking multipliers as P’ 0,0, 2[!\'I
cach of fraction of (iif) is equal to

p dr+2p\dl’

pi(=2px)+2pX (r>-p)

d(p*x) _d(g 2y)
= B Bl
-2p°x -2q°y
(1(112w) _ d(qu’)
= —
P x q }’

Intcgratmg. we get log (p” x) = log )

gVayy
e

> p2x=q2ya »>p==*

a—F—4a

i
~ et

Taking p =

Put in (i), we get ‘

f—}iqzxw y=
= agdy+qy=z
g =t -
= q‘=+
Jz

q2 dv+2qy dq
B e 2 ailk 2
g (-2 +24y" -q)

)+loga=log (q'y @

> @+ fy=z

‘—'\fra+1‘/}_z 5%

J_J_

o
Ja

Then -

.We know dz = pdx+qdy

\/'_ :
ety

a1

. dz'_\/_\/— \/;_@_-
| Va+1 x \/m‘/;‘, i, .
& Ja S {4 el

] Vo e bty

.. Integrating, we get
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FERENTIAL EQuaTy

IRS -
1 4] ORm_R
i) . I
-2

2 o |t 599
2-\3‘; X < ‘1‘,1
sl Nagl| T+ |y 2
-_;5."; JGT] T‘-—-— J.C
’ == ]
\E=7£~J?+ | et ;
S
a+ 1 \/EIT] ) ;.i
VarlVe = e 5o o
? aH\E:””*‘\E‘“}sa}’
which is complete solution of (i)
iy Wearegiven g=3p% = g_3,2_
Letf(x’yalzspa Q)=C]—3p2=0 )
o Lo Ui E b (,)
e Ox oy 0z op I’aq ' Sl
The charpit’s auxiliary equations are
dx 2 dy 4 dz = dp _ dq
oY 9 Y o
op 0Oq op 0q o& Oz Oy z
E—:Q:_di_:@:iq_ ,..(ﬁf')
T 6p -1 6p*-q 0 O
> dp=0 and dg=0 Y
" Integrating p=aandg ’“;b : _
Put in (i), we have b—3 @ =0, BU=0F :
‘We know dz=p dx g dy (Using ()
=gdxtbdy -
Integrating | * i
Z=ax+by+c
| z=ax+3ayte
which is complete integral of () ; -
. . = X'+qy+p +q : 5
(i) We are given =2 lp ; ”
. : PR S,
> + +p +q 2 =0
il )-,--px+qy+i72+q.z g ...(i0)
Let f(x,»,2.P: 9 s @F __Jf-:y+2f]
af :x+2P:
6f af__ ______:'-—'1,"/ é‘q
= — p,—-——-qa az 6}7 .
o5, & . uations aré .l g
The Charpit’s auxiliary €4 ! dp 6- ﬂ
P /+p,f, .
—SEA T s B G
op 04
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az
= d" = afv = i -~ ='_‘—'—-—._
-(x+2p) -(¥+29 -p(x+2p)-q+2q9) p-p
d: _ 4
—(p,\‘+q_\'+2[72 +2q2) 0

dx dv

= - — - =
~(x+2p) -(r+29)

From last fractions ; dp = 0 and dg =0
Integrating p=qand ¢=5
We know dz =p dx + qdv = ady + bdyand
Integrating z=ax+by+c
Put in given equation We getax+by+c=ax+by+ a+ b
= =g+ b
Hence z=ax +by+a’ +b° which is complete integral
(iv) Weare given g=px +q°
= px+ q2 -q=0
Let f(x. 3 z.p,q)=px+q'~q=0
I 8 oy B g O B g

- . _'=P, Ny ey
x T e ép g

The charpit’s auxiliary equations are
& _ dy _ - _ dp _: dq
-8 -o o o 0 & & of
op oq p “0q Ox &z oy oz -

> & & @z __d _ dq
-x —(-29-1) -px-g(2q-1) p+0 0+0

“x_—(2q—1)——px—2q2+q P 0
Last fraction of (iv) > dg=0 |

= g = constant = g say 2>g=a

Putin(Da=px+d° = px=a-a
or
2
We know dz =p dx + g dy p=2_9
x
a-a?
= dv= dx‘+aafy
. x ~

Integrating z = (a-a°) J% + "J‘aﬁ’ +b

= :=(('J—'a2) logjx|+ay+b
which is complete solution of ()
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). Find the complete solution of
pxy*pqtqy=y:
en differential equation

eare 81V
pxy+Patay=y:

pxy*+Pa+ay-yz=0
lﬁf@dzzpdﬂ:PxY+Pq+qy—y:

3 of ' of
af 9 _
L=py7o=pP¥+q-z—=-p L .
= ay Oz 6[) xy+q
o
Z =pt)y
and oq .
The Charpit’s auxiliary equations are
Cﬁ - @ s dz . dp i dq
' op oq dp Oq & oz O 0z
dx . dy X ' dz
> Taytq) —(pry) -pEy+9-q(p+y)
e dp _ dq
_ py+p(=y) pxtqg-z=ay
From (ii), we have, each member : 0
> dp:O => p=da
Put p=ain (i), we 8¢t 7
axy+aq+qy”ﬂ"
yz—axy ‘ "
. ) a:—-—-""—"_—
> aty
Weknowdz=pd7C+qdy _Z_Q‘Lﬂdy
.yZ"axydy = dz—adx= a+y

do—adx _ _Y_ dy ® = ax aty

——————

z—-ax aty

lntcgratinf; +b

IngIZ—axI’:}’“aloglizilyl“}”'b‘
] y

or Jog|z-ax|t¥ oF ay+b

= lo;_.r,l::»a‘XI|0'+u)_l

@— e }éi
y+a

d=a) OFDLdy =

601

(D

...(ih)

... (iif)

(constant).
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BRILLIANT DIFFERENTIAL Equ,

f\'] s
602 e =y

v

.
|(z—ax)(y+a)|=¢ =4 ¢

= y r
== (z-ax) (v+ (I)” =+ Ch o=ce (say
> (z-ax)(y* a)'=c¢ e’
= z-oagx=cd(yta .
which is complete integral of (i)
Example 3. Solvepx+qy= rq .
Sol. We are given the differential equation
px+qyzpqorpx+qy—ﬂq:0 | i
Letf (v, »,z,p.q)=px*+qy-P4
g ¥ oL =xg

) where ¢

a;—:fl),—é—‘;:q,—; sap
and g =y=-p (i
oq
Now the Charpit’s auxiliary equations are
d | dy dz dp dq

T % -8
op oq dp dq O z Oy iz

L dz |
~(x-q) -O-p. -px-9)-q-p) |
oy B o 9% i (i)
P 49 ‘
. ' (Using (i)
From last two members of (iii) = 2ok
; a.
" we have @:—q
p q
Integrating, log p =log g + log a=log (g a)
fl p=4qa : |
Put p=aqin(i),weget gax+tqy=qgaq |
..:_ ax+y'=aq=>q=. ax+y ‘ : - (...q;e())
: - .

Then p=agq =>p=ax+y
- Weknow dz=pdx+qady
Put values of p and q .
ax+y : ' o

dy
>adz=a(ax+y)dc+(@x+y)dy = (ax+y) (adx+dy)=(ax+y) (d(ax*)’))

= dz=(ax+y)dx +

Integrating, a Idz = I(ax+y)d(ax+y) +b
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NS oF |
; jax+ Y) 4. ’ : 603

which is complete solutjy, of
1o find Singular Solution

(¥

LCtF(xaya‘z’ a, b) =GZ.—~ M

2 " ()
j B .‘zlf._z——(ax+y)(x)_z |
(l) 3 oa x(ax+ v) and QE= 1.
W qhesingular sol is given by ob
p=0, X % _
Oa P

F :
But here %l-)-=1 qnd 120

Given equation has no singular solution
~ To find general solution

Let b = g (a) where g is any arbitrary function
- Then (iv) is |
Feyznag@=az—; @)'te @

> | » | ‘ o, —z—-—(2)(ax+y)(x)+g(a)

Ba

so the general solution is given by

i Laxspt+g@=0 amd z-x@xTNTE@=0
L

E“’“‘Ple 4. Find the comple,te solution of

p )’ q= y -’ ; : :
%l We are given the differential equatlon " B T T ()
4 P-rg- y-xOTP‘yq+x y_o | |
1 feyzap9=FY A #ya & _,
) 4 B 1= x’-a[-—_zyq ‘2y, 62—0.'5; P i B B
%y s | . ...3i)
¥ =—y2 . E
Oq ations are i :
Now the Charplt s quxiliary equ d dq

p _______....
= S
dx aﬁv_/ff"a'f‘afﬂ,_@__-(,}yl-C =

A= ‘P'é,?"qaq N
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BRILLIANT DIFFERENT

604 L
W
= _Cb«_ | ﬂ:———““"'f{i‘—’?-
—'2[) yz —-])(211)""7("}’ )
2x _.2}7((]4-]) (i
) & _d
From (iii), we have 30 =9y
s  xdv=-pdp
= pdptxde=0
2 x2 4P a’ tant of integration
Integrating -— + — = — where = ° oy
2 2 '
> ped-f = p-zVa-x'.
Put in (7)
we geta’ —x -y g +x* =y’ =0
2 _ 2 2
s a2 _y2=y2q,=> qg= a -y =[%—]) '
Pt it uF
We know dz =p.dx + q dy '
Put values of p, g
: , (e
= dr==+ Ja* —x% dx+ —3*1‘05’
Yy
s N s
Integrating IR
' 2 5 ' s _ 2
cms [V e | Lt = o wa' =2 @ oaxl | d |
. , ; 2 ' TR e 2 a y
o y ,
xVa? - x? L 1 a?
or L Rk = —— +—sin -——=y+b
, 2 _ al y :
- which is complete solution of (i) _
Example 5. Solve 2xz—px’'—2qgxy+pg=0 |
- ‘  (D.LU,,Sirs ¥
Sol. We are given the differential equation - k ‘
2xz—px2—2qu+pq=0 (U
Letf(x,y,z;p,q)=2xz—px2—2qu'+pq
e 5 o & 9
™ —=2z-2xp=2qy, = ==2 x,'l =2 X
' dy _q gz
o - o - l
and — =—x"tg, —=- 7
2 x +q 2 2xy+p

Now the Charpit’s auxiliary equations are
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